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ABSTRACT
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Lk

Various methods for the caiculation of lower bounds for eigen-

Eég values are examined,includiny, those of Weinstein, Temple, Bazley and
o . Fox, éay, and Miller. It is snown how all of these can be derived in
E§§ . - a unificd manner by the projection technique. The alternate forms
:Eé E;Z obtained for the Gay formula show how a conuiderablv improved method
E%; S/’ can be readily obtained. Applied to the ground state of the helium

atom with a simple screened hydrogenic trial function, this wnew method
glives a tower bound closer to the true enerpy than the bhest upper
bound obtaiuned with this form of trial function. Possible routes to

further improved methods are suggested.
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Althousgh there exists a considerable literature”™ on the subject of

1lower bounds to eipenvalues, these methods have been relatfvely 1ittle
used. The earlier methods all required the calculation of H2, H being
the Hamiltonian.

This is usually difficult. In addition, the lower

bounds obtained have normally deviated from the true enerpgy much more

- than does the upper bound H.

The tremendous advantage of being able to calculate both upper and
lower boqndq and hence of endowing quantum mechanics with a penuine
power of prediction has spurred the search tor more practical and more
efficient methods. In the last few years a number of promising new
approaches have been opened up.2 It is the purpose of this paper to
show th several of these methods can be Trelated to onc another, and, in
consequence to demonstrate a modified method of considerably improved

accuracy.

The Expansion Method

The older formulas can all be derived by an elementary cxpansion
method, as shown by Crawford and StevenSOn.3 The trial function ¢ is
imagined to be expressed in terms of the set of true eigenfunctions L
i.e.

¢ = Lc v, Ecnz = 1. (1)
One then writes

fo (H - a)? ¢dr = H2 = 20fi + a2 : .

L]
]

te,2 (E - @)? 3 (E, - a)2 (2)

if the constant o is chosen so that S fﬁ‘f

(Eg - &) s (E - a)? (3)

the En being'the true eigenvalues. The various different methods result

if appropriate values are assigned to a. In particular Kato“ has shown ’

by a different argument, that when only H?, i and a lower bound, Ei, for
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the tirst excited state are known, then the hest lower bound for Eo is

5
Tample's
L ‘ui H-H b
L 2E = - (u) i
o o }L - ~i 4
ll 4

which can be derived above by giving a its maximum safe value

2a = Eg + B (5)
L

3 U - .ll
. and solving® for Lo.

It is worth pointing out that Temple's formula can be modified to
apply to discrete excited states as well as to the ground state. Further,
although in practice it has generaily given a worse approximation to the
eigenvalue than does H, this is not always true. In fact, in a special
case, the exact cigenvalue can be obtained from an approximate trial
function ¢. This occurs when El is exactly known and only ¢y, and c, appear
in the expansion of ¢. However, it may be empirically justified to get a

better probable lower limit by averagine the Temple Eg with H.

. . , . . . 6
If no information regarding Ll,}s available, Weinstein's formula,

% Ik s SR

which uses H for a, may be used,but if, in fact H is preater than

;(;o* Bl), the result may not be a true lower limit to E, . Ordinarily, o

S S ke T

Weinstein's formula is much less efficient than Temple's. It cannot be

better than Temple and still be a guaranteed lower bound. Even a very

rough value for El can often give a Temple bound considerably better than

the Weinstein bound. If the Weinstein lower bound is averaged with the

%A better lower bound can of course be found by using the true value of -  :°
E, or a guess higher than Eg in the expression for a, but although calcu- . . [°
lations of this sort are found in the literature, they clearly beg the ke
question. If one knows a better value of E in advance, there i{s no use . - . . R
in calculating a poorer value for this quantity. . ‘
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upper bound i, weighting the latter by the maximum amount which permits

S w«.,(.“.”‘,,m.,.w

a puarantecd lower bound to result, the Temple value is obtained.

The Projection Methed

In the atomic and molecular electronic problem, the interelectron
repulsion contributes a term to the Hamiltonian which is always positive.
The enérgy levels E: calﬁulated with the omission of this term are there-
fore always below the true energies En and provide well known but very

poor lower bounds. The method of intermediate Hamiltonians/ is to con-

struct a series of Hamiltonian operators whose eipgenvalues can be calcu-
lated and which lie between E: and En. Further, by proceeding to later
and later members of the series, the lower bounds can be improved to any
extent desired.
One method of constructing intermediate liamiltonians is the projec-

tion method.7 Let

H = HO + V, V>0 (6)
and choose a trial function ¢, hopefully approximating a true eipenvalue
yof H. Define a special projection operator P so that for any function
x in the domain of H,

Px=a¢, X=ad+n ' )]
where the coéfficient a (which depends upon the function x) is chosen to
ensure the vanishing of the integral «<nV¢>. Hence, from Eq. (7)

<Vx> = a <Wé>+ <@wn> (8)

. so Px = ab = <ovx> <éve>-l ¢ (9)

The reason for this choice is that then
<Vx> = <PXVPX> ¢ <NVn> 2 <PXVPX> = <XVPX> (10)
for any suitable y. This is mathematically sufficient so that the eigen-

values Eﬁ of the modified equation

R
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_ o e e 2 wM*W“””“'”“‘““““““"W?§3*+16pjk = EL X (11) f

: when properly ordered, satisfy 'E
5 E° ¢ EL <L (12) ]
n n n 4
Further, a tormal solution for the eigenfunction x is , %E
x = =(HO - EL)'l VPy = ~a(H° - EL)-l V¢ i

(13) ]
with <pVop>a = <pVy> f'
when EL # E°, ' 3
n

8 . . '
Further progress can be made by choosing ¢ in terms of a new func-

tion such that

E?,
- 4 ‘ :
¢ = V 1 (HO - E‘) 3 (14) P
Hence x = -af (15)
and the ecquation for a becomes
.L ‘l . X: o .L 3
<t (H° = ET) V (i - L") & a= -<g (H° - L) & a (16) -
which han o non-vanishing solution only if EE
P’ . L
<t £ (E7) §> =0 amn i
{
where £l = e - gD v e - EM 4 e - £M) (18) 1
Provided that bq. (17) has a real solution and that V>0, EL will be §§
37
a lower bound to some eigenvalue of H. In particular,8 since E: < E: < En; ' AE

if Eb is below Ei it cannot be a lower bound for E1 and hence must be a

i lower bound for Eo.

The trial function £ can be in the form of a linecar combination of

} some finite set of basis functions {un) and the coefficients can be varied

to maximize EL. With dEL = 0, this leads to

e

b .
Ie, <u £ (E7) w> = 0. (19)
and nence to the finite secular equation
.L
det | w £ (E7) u> | =0 (20)

The typical element can be written in the expanded form,a from Eq. (18)

o«
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S— e . e e e g o e
(v'l)nk 697 - Giovt v vl + 1) nk B % (HOVTTHO nv) =0 (21)
W
= where -1 -1
(v )nk s <u VT oup etel
Another form can be obtained from bq. (13) by the substitution ¢ =
vicorg = (o - EY)7Y ¢ in Eq. (16). This ylolds
< | V—l + (H° - EL)-l | g> 3 0 (22)

If ¢ is expressed as a finite linear combination of eigenfunctions for H°,

*i.e. as .
N
£ =& aswg (23)
o

. . .9 .
the associated finite secular equation 1is

o e v oo e e ¢ —

-1 . L, ~1
IO+ 6, @ -EDTT | =0 (2u)
"l -l . L - .
or l(v o * 8 (B2 = ET) ] z 0 (25)

The form for f(u ) riven in Eq. (18) can‘be usefully rewritten by re-
placing H° by H~V, so that
FEEY) = (1 - M v i - Y - - uM) (26)
This form shows that if ¢ = wn, an exact eigenfunction of H, then BL = En 5
is a solution, because of the factor H-BL. It further leads to the form, :
for normalized £, ' | 5'

Y = f - st - EM 12 v oar (27) ' i

Clearly V is not in principle limited to the interelectron repulsion. The

: method of proof required that V be positive definite and that Eg‘of HO =

g . H-V be greater than EL. Otherwise V™% is quite unrestricted. In practice

-the choice is limited by the problem of evaluating the integral and the
requirement of determining that Eg > BL)but it is possible to consider

‘desirable qualities for V. Thus, for maximum tL, V-l should be small; i.e.
V large, where [(H - EL) 5]2 is large. At the same time, V should be small

where wg,the first excited state for H-V, is large ;sc as to keep EC > EL.

1l

Lol SARRAN S P K il s i L e ae sk e st - smie - B T RV e Sps




R

Lo b N ik

The simplest choice for V is a constant A, 7The maximum value for

A is set by
EQ = B, - A3 Eg (28)
or A=EY - g (29)

where Ei is a lower limit for the first excited state of H. This choice

leads to
Ly L I " ;
f(£7) = (H - Eg) (K - El) (30) i
i
L o_ pbg o7 L ¢
or Eg = (Ll H - H¢) / (L1 - H) (3L) :
k

which is Temple's formula“, Eq. (14). Hence 4}l the older formulas can

be derived from the projection technique for intermediate Hamiltonians.

Improved Formulas ;

Eq. (21) has been applied8 to the ground state of helium with %?

various trial functions of the Hylleraas type and was found to give
better results than Temple's formula. However, when it is realized via
Bq; (27) that Vﬁl is merely a weight factor, a considerable further im-
provement is easily obtained. ‘ q
One way is to replace V = l/r'lz by C/rl2 where C is a suitably chosen ’

constant greater than one. For a sufficiently good trial function ¢ at

least, a hipher (better) lower bound will be obtained by increasing C.

However, C cannot be made too large or the result will no longer be a
lower bound. A sufficient condition is that C be kept small enough so
that the energy E: of the first excited singlet state of the operator

W = H - C/r,, = HO - (c-i)/r12 (32)

is greater than Bg calculated with the given C. Since C/rlz is a posi«:
tive operator, if the calculated BL were really a lower limit, not to

the ground state, but to the first excited singlet state of helium, then

o S . )
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this EY would have to be freater than E? infined above. If E < B:, it ié

4 | must be also leas than K, as daesired. " Vé
"For helium, accurate calculations are available via perturbation
theorylo for the 1s2s ls statc?:;he sepdarate perturbétion terms
€% ¢' €" ... can be inserted in the expansion
X = e - (C-1) et ¢ (C-DP e - (-1 e (33)
to calculate a very pood number for Ei as a function of C. Thus for

E: = -2,903, C = 1.73, a safe value. Then Lq. (26) (or its equivalent S

Eq. (27)) is solved for EL using V = C/rl?. With the simple screened
hydrogenlike trial function

A +
e (r'1 rz)

¢ = N (3“)

the value EL ==2,947 atomic units is obtained which is below the presum-
ably correct emergy (-2.9037) by 0.0u3 unitsf(1hiu can be compared with
the error .056 in the best upper bound for this form of function (which
is obtained with a different value of Z'). Presumably the lower bounds
with more complicated trial functions could be considerably improved by

this means also, with no greater labor than required with V = llrlz.

Still another improved form can be obtained by using, instecad of V,

L
- PO -
| V= El*l Eg + V (35)
f in Eq. (26) and
L -
) -
n=0

Here E° and ¢° refer to the probiem with Hamiltonian H-V. The secular
equation,will have the form

0y-1 g .
det | §;5 (Ef,; - E9)7 - (¥§ (B, -E + V) 88) | =0 (37)

1

This equation was derived by Miller 1 in a different way which has the

advantage of releasing the restriction that V be positive definite. It

‘ ’géve good.results11 for excited states of helium,
. T®lc 4 1,80 ‘was used.

.
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Conclusion
The considerations above show that lfoady progress has been made in
deveioping lower bound methods of improving efficiency. Further progress
can be expected, Thus the form of V can surely be chosen so as to meet

the requirements discussed above better than does l/rlz.
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